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■^j- , Abstract 

A critical set in an n x n array is a set C of given entries, such that there 
\ exists a unique extension of C to an n x n Latin square and no proper subset 

of C has this property. The cardinality of the largest critical set in any Latin 
square of order n is denoted by lcs(n). We give a lower bound for lcs(n) by 
£ : showing that lcs(n) > n 2 (l - + n(l + MM) - 



! 1 Introduction 

X- 
b : 

A Latin square of order n is an n x n array of integers chosen from the set X = 
{1,2, ... ,n} such that each element of X occurs exactly once in each row and exactly 
once in each column. A Latin square can also be written as a set of ordered triples 
{(i, j; k) | symbol k occurs in cell of the array}. 

A partial Latin square P of order n is an n x n array with entries chosen from the 
set X = {1, 2, ... , n}, such that each element of X occurs at most once in each row 
and at most once in each column. Hence there are cells in the array that may be 
empty, but the cells that are filled have been filled so as to conform with the Latin 
property of the array. Let P be a partial Latin square of order n. Then \P\ is said to 
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be the size of the partial Latin square and the set of cells Sp = {(i, j) \ k) e P} 
is said to determine the shape of P. 

A partial Latin square C contained in a Latin square L is said to be uniquely 
completable if L is the only Latin square of order n with k in the cell for every 
k) G C . A critical set C contained in a Latin square L is a partial Latin square 
that is uniquely completable and no proper subset of C satisfies this requirement. 
The name "critical set" and the concept were invented by a statistician, John Nelder, 
about 1977, and his ideas were first published in a note [3]. This note posed the 
problem of giving a formula for the size of the largest and smallest critical sets for a 
Latin square of a given order. Let lcs(n) denote the size of the largest critical set in 
any Latin square of order n. Nelder J5] constructed a critical set of size (n 2 — n)/2 
for the n x n back circulant Latin square. He conjectured that lcs(n) = (n 2 — n)/2. 
This equality was shown to be false in 1978, when Curran and van Rees J3], found 
that lcs(4) > 7. The following is an example of a largest critical set of size 11 for a 
5x5 Latin square, taken from [lj, which also contradicts Nelder's conjecture. 
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In the following table some known values of lcs(n) for n < 6 are listed, 



n 


1 2 3 4 5 6 


lcs(n) 


1 3 7 11 18 



and in the following table some known lower bounds for lcs(n) are shown for 7 < 
n < 10, 



n 


7 


8 9 


10 


lcs(n) > 


25 


37 44 


57 



See [lj for the references. Recently Bean and Mahmoodian [T] have found the upper 
bound lcs(n) < n 2 — 3n + 3. Nelder's {n 2 — n)/2 is the best lower bound that is 
found for lcs(n) so far. In this note we improve this bound asymptotically for n 
large enough (n > 195). 



2 A lower bound for lcs(n) 

Theorem 1 For any integer n we have, 

, , s 9/ 2 + ln2, . ln(87rV In 2 

lcs(n) > n 2 1 - + ri 1 + -r^ - i • 

Inn Inn Inn 
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Proof. By Theorem 17.2 in [7], as a result of van der Warden conjecture, we know 
the following bound for L(n), the number of Latin squares of order n: L(n) > ■ 



n" 



If in a partial Latin square all the entries, except the entries of the first row and 
the first column be given, then it is uniquely completable. So every Latin square has 
at least one critical set which has no intersection with its first row and first column. 
And also obviously the number of these critical sets is greater than or equal to L{n). 
For choosing the shape of such a critical set we have at most 2 (n ~ 1 ' ) ways, and for 
choosing the entries of each given shape we have at most n Xcs ^ different ways. So 
the number of critical sets is less than or equal to 2 n - 2n + 1 ^ lcs ( n ). Thus the following 
inequalities hold: 

< L(n) < 2 n2 ~ 2n+1 n lc < n \ 



n" 2 



Now by Stirling's approximation formula, (see for example [2]), we can replace 
n\ with a smaller value ^2irn (j^j . So 

\ Z7l > 71 ^ 9 n 2 -2n+l lcs(n) 

n„2 „2 — Z ' l 1 

or 

{^Tn n2+n lcs(n) 

e 2n 2 2n 2 -2n+l — 

Thus, n ln(27r) + (n 2 + n) In n — 2n 2 — (n 2 — 2n + 1) In 2 < lcs(n) In n. This implies 
that n\l - 3^2) + n(l + ^) - < lcs(n). 

Note. Stinson and van Rees [6 J have shown that lcs(2 m ) > 4 m — 3 m . This lower 
bound for n = 2 m , is better than the bound given in Theorem 1. 
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